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The possibility to establish clear relationships between the results of the Generalized Beam Theory (GBT)
and those of the classical beam theories is a crucial issue for a correct theoretical positioning of the GBT
within the other existing beam theories as well as for the application of the GBT in the current engineer-
ing practice. With this in mind, the recovery of classical and non-classical beam theories within the
framework of the GBT is presented in this paper. To this purpose, a new formulation of the GBT with shear
deformation is conceived. Particularly, the formulation recently proposed by the authors is here modiﬁed
by introducing new deﬁnitions of the kinematic parameters and of the generalized deformations, and
extended to the dynamic case. Firstly, it is shown that a suitable choice of the ﬂexural deformation modes
allows recovering the Vlasov beam theory, both with and without shear deformation. Also, the analytical
solution of the non-uniform torsion problem with shear deformation is given. Then, the recovery of the
Capurso beam theory using the nonlinear warping deformation modes is illustrated.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Thin-walled beams are used in a broad variety of structures,
ranging from the aeronautical to the civil engineering. Accordingly,
much research has been devoted to the development of effective
analysis tools, that combine easy usage and good predictive capa-
bilities, to evaluate their structural behavior. The ﬁrst important
contribution for the analysis of thin-walled beams was the well-
known theory developed by Vlasov (1961). Later, Capurso
(1964a,b, 1984) generalized the Vlasov theory by introducing the
shear deformability along the wall midline. In particular, this was
achieved by enriching the warping description, while keeping null
in-plane deformation of the cross-section, as in the Vlasov beam.
Then, the concept of generalized warping functions has been used
further by many authors (see, for example, Bauchau, 1985; De
Lorenzis and La Tegola, 2005; Genoese et al., 2014; Ferradi and
Cespedes, 2014). On the other hand, in the 80s, Schardt (1989,
1994) proposed the Generalized Beam Theory (GBT), which has
been proven to consistently account for cross-section distortion
along with the classical kinematics of axial displacement, bending
and torsional rotation in a comprehensive fashion. The fundamen-
tal idea of the GBT is to assume the displacement ﬁeld of the beamas a linear combination of predeﬁned cross-section deformation
modes multiplied by unknown functions dependent on the beam
axial coordinate, called kinematic parameters or generalized dis-
placements. From its original form, many authors have contributed
to the improvement of the GBT by extending it beyond its original
formulation for open unbranched sections (Dinis et al., 2006;
Silvestre, 2007, 2008; Goncalves et al., 2009), by adding geometric
nonlinear effects (Davies et al., 1994; Silvestre and Camotim,
2003a; Camotim et al., 2010; Silva and Silvestre, 2007; Silva
et al., 2010), by developing beam elements based on semi-analyt-
ical solutions (Andreassen and Jonsson, 2013), or by presenting
new formulations for the dynamic analysis of open-section mem-
bers subjected to initial perturbations or acting loads (Bebiano
et al., 2013). Moreover, an interesting application of the GBT to
analyze cold-formed roof systems has been presented by Braham
et al. (2008), an effective equlibrium-based procedure for the
reconstruction of the three-dimensional stresses in GBT members
by de Miranda et al. (2014), and the discussion of analogies
between the GBT and the constrained Finite Strip Method by
Adany et al. (2009) and Silvestre et al. (2011).
Recently, a formulationof theGBT for the elastic–plastic analyses
of thin-walled members experiencing arbitrary deformations and
made of non-linear materials has been developed (Abambres et al.,
2013, 2014a) and used for the modal decomposition of equilib-
rium/collapse conﬁgurations in the context of an inelastic member
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Fig. 1. Thin-walled cross-section.
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capable of identifying the modal participation of the fundamental
deformation modes from a general buckling mode determined by
using the Finite Element Method has been presented by Nedelcu
and Cucu (2014).
The selection of the cross-section deformation modes (usually
referred to as cross-section analysis) has received extensive atten-
tion in the research community over the years. On this regard, in
the spirit of the semi-variational method, an interesting approach
that reverses the classical methodology of GBT cross-section
analysis has been proposed by Ranzi and Luongo (2011): ﬁrstly
an in-plane analysis is carried out by solving a dynamic eigenvalue
problem relevant to an inextensible planar frame having the shape
of the cross-section middle line, then the warping is evaluated by
enforcing the Vlasov unshearability condition. Recently, an exten-
sion of this dynamic approach to include also non-conventional
(extension and shear) modes has been presented by Piccardo
et al. (2013) and a variant, based on a new quadratic functional,
by Piccardo et al. (2014).
In theGBT literature,muchattentionhas also beendevoted to the
shear deformability (Silvestre and Camotim, 2003b, 2004, 2013; de
Mirandaet al., 2013). Inparticular, a new formulationof theGBT that
coherently accounts for the shear deformation has been recently
presented by de Miranda et al. (2013). Guaranteeing a coherent
matching between bending and shear strain components of the
beam, the new formulation allows to clearly identify the classical
degrees of freedom of the beam, an important issue to develop geo-
metrically nonlinear formulations based on corotational approaches
(Zagari et al., 2013; Garcea et al., 2009, 2012).
Indeed,notwithstanding thegreat amountof literatureonGBT, in
the author’s opinion there is still a need for a proper theoretical posi-
tioning of the GBT within the framework of the other existing beam
theories. This would allow to establish clear relationships between
the GBT results and those of the classical beam theories, a crucial
issue to apply the GBT in the current engineering practice. An inter-
esting early attempt in this direction, limited to theunshearableVla-
sov theory, was presented by Silvestre and Camotim (2002). With
this inmind, therecoveryofclassicalandnon-classicalbeamtheories
within the frameworkof theGBT ispresented in thispaper. The start-
ing point is the shear deformable GBT presented by deMiranda et al.
(2013), here properly reformulated by introducing different deﬁni-
tions of the kinematic parameters and of the generalized deforma-
tions, and extended to the dynamic case. In particular, ﬁrstly it is
shown how it is possible to reduce the new GBT formulation to the
standard shear undeformable GBT. Then, it is shown that a suitable
choice of the deformationmodes allows to recover the Vlasov beam
theory, bothwith andwithout sheardeformation.On this regard, the
analytical solution of the non-uniform torsion problem with shear
deformation is given and an example discussing the inﬂuence of
the shear deformability is presented. Finally, the recovery of the
Capurso beam theory using the nonlinear warping deformation
modes is illustrated.
The paper is organized as follows. The kinematics of the new
GBT is presented in Section 2 and the complete formulation of
the GBT for the ﬂexural deformation modes in Section 3. The
reduction of the present shear deformable GBT to the classical
shear undeformable one is presented in Section 4. Section 5 is
devoted to the recovery of the Vlasov beam theory. The GBT formu-
lation for nonlinear warping modes is presented in Section 6 and
the recovery of the Capurso beam theory in Section 7. Some ﬁnal
considerations end the paper.
2. Kinematics
The GBT can be viewed as a one-dimensional theory deduced
from a parent three-dimensional theory basing on some kinemat-ical ansatzs. In particular, the displacement ﬁeld of the beam is
assumed as a linear combination of predeﬁned cross-section defor-
mation modes multiplied by generalized displacements that
depend on the beam axial coordinate. Thus, at the generic time t,
the following displacement ﬁeld is assumed for the generic ith wall
of the cross-section (see Fig. 1):
dnðs; z; tÞ ¼ wðsÞvðz; tÞ; ð1Þ
dsðn; s; z; tÞ ¼ nðs;nÞvðz; tÞ; ð2Þ
dzðn; s; z; tÞ ¼ xðs;nÞwðz; tÞ; ð3Þ
where dn is the displacement orthogonal to the wall midline, ds is
the displacement tangent to the wall midline, dz is the displacement
in the beam axial direction, w; n and x are row matrices collecting
the assumed cross-section deformation modes (depending only on s
and n), and v and w are vectors that collect the unknown kinematic
parameters (depending only on z and t). In accordance with the
hypothesis that the generic wall behaves as a Kirchhoff plate,
cross-section deformation modes n and x are assumed to depend
linearly on n in the form:
nðn; sÞ ¼ lðsÞ  nwðsÞ; xðn; sÞ ¼ uðsÞ  nwðsÞ; ð4Þ
where l and u are predeﬁned shape functions. Hereinafter, ð Þ ; ð Þ0
and ð Þ

denote the derivatives with respect to the s; z and n coordi-
nates, respectively. It can be easily veriﬁed that, by a suitable redef-
inition of the generalized displacements w, the above kinematics
coincides with that proposed by de Miranda et al. (2013).
Eqs. (1)–(3) can be recast in the following matrix form:
dðn; s; z; tÞ ¼ Uðs;nÞuðz; tÞ; ð5Þ
where:
d ¼
dn
ds
dz
264
375; U ¼ w 0n 0
0 x
264
375; u ¼ v
w
 
: ð6Þ
Strains can be computed from Eqs. (1)–(4) by means of the three-
dimensional compatibility equations yielding enn ¼ 0; csn ¼ 0 and:
eðn; s; z; tÞ ¼ Eðs;nÞeðz; tÞ; ð7Þ
where
e ¼
ess
ezz
czs
czn
26664
37775; E ¼
n 0 0 0
0 x 0 0
0 0 2nwþ uþ l 12 ðl uÞ
0 0 0 w
266664
377775 ð8Þ
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Fig. 2. Deformation modes. (a) Out-of-plane displacement for fundamental ﬂex-
ural–shear: piecewise linearu; (b) in-plane displacement for fundamental ﬂexural–
shear: l ¼ u and cubic w; (c) in-plane displacement for local ﬂexural–shear: cubic
w (with null l and u); (d) out-of-plane displacement for nonlinear warping:
piecewise linear u (with null l and w).
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strain components, hereinafter denoted as generalized deformation
parameters:
eT ¼ aT vT bT cT
 
; ð9Þ
a ¼ v; v ¼ w0; b ¼ 1
2
ðv0 þwÞ; c ¼ v0 w: ð10Þ
As it can be noted, the strains components comprise terms not
depending on nand terms proportional to n. In the following, the
former will be called ‘‘membrane’’ part of the strain and denoted
by superscript ðMÞ, and the latter will be called ‘‘bending’’ part
and denoted by superscript ðBÞ.
Finally, combining Eqs. (9) and (10) leads to the following gen-
eralized displacement-deformation relationship:
e ¼ Du; ð11Þ
u ¼ v
w
 
; D ¼ Im  L; L ¼
1 0
0 @=@z
1
2 @=@z
1
2
@=@z 1
26664
37775;
where Im is the m-order unit matrix being m the number of the
deformation modes, and symbol  denotes the Kronecker product.
According to Eq. (11), the differential operator D can be interpreted
as the compatibility operator of the beam model. Indeed, it is worth
to note that parameters e are not free from cross-section rigid-body
motions.
As anticipated, the above kinematics introduces some internal
constraints on the parent three-dimensional body to derive the
one-dimensional beam model. These can be summarized as: (i)
the displacement ﬁeld varies linearly with the n coordinate; (ii)
enn ¼ 0; (iii) csn ¼ 0; (iv) czn is constant with the n coordinate. Of
course these constraints somehow limit the predictive capabilities
of the beam model. Some additional observations about this are
given in Section 3.5.
Even if similar, the above kinematics differs from that presented
by de Miranda et al. (2013) for some speciﬁc aspects that it is
worth to remark here. The most evident difference lies in the dif-
ferent choice of the kinematic parameters. In particular, in the
present formulation they do not include any derivatives, while in
the formulation by de Miranda et al. (2013), as well as in the clas-
sical GBT, v0 is included between the kinematic parameters. This
leads to a beam compatibility operator, Eq. (11), involving only
ﬁrst-order derivatives in the axial direction and not also second-
order ones like in de Miranda et al. (2013) and in the classical
GBT. This is somehow similar to what happens passing from the
Euler–Bernoulli to the Timoshenko beam theory and, as it is well
known, can have important consequences if ﬁnite element model-
ling, or other numerical modelling, has to be developed. Another
issue regards the deﬁnition of the generalized deformation param-
eters given in Eq. (10), different form that used by de Miranda et al.
(2013). As shown in the following, this choice allows for a clear
identiﬁcation of the relationship between the present generalized
deformations parameters and those of classical and non-classical
beam theories, in accordance with the aim of the paper. However,
notwithstanding the remarked differences, the selection of the
cross-section deformation modes and the modal decomposition
procedure of the present formulation follow the same path out-
lined by de Miranda et al. (2013). Accordingly, these issues will
be only shortly recalled in the following. The interested reader
can refer to de Miranda et al. (2013) for further details.
2.1. Deformation modes
In the following, the term natural nodes is used to refer to the
vertices of the cross-section midline, while internal nodes to inter-mediate points along the wall midline, as shown in Fig. 1. Deforma-
tion modes are subdivided in ﬂexural–shear modes and nonlinear
warping modes. Flexural–shear modes are governed by parameters
v and w and are subdivided into fundamental ﬂexural–shear
modes, based on natural nodes, and local ﬂexural–shear modes,
based on internal nodes. Both the fundamental and local ﬂex-
ural–shear modes are the same as those of the original GBT and
are summarized in Fig. 2. As it can be easily veriﬁed, fundamental
ﬂexural–shear modes engender null eðMÞss and cðBÞzn and piecewise
constant (i.e. constant on each wall) cðMÞzs along the section midline.
In particular, matrix E for these modes takes the following form:
E ¼
nw

0 0 0
0 x 0 0
0 0 n2w u
0 0 0 w
266664
377775: ð12Þ
Nonlinear warping modes can be introduced to enrich the sole
warping description along the wall direction. They coincide with
those originally introduced by Silvestre and Camotim, 2003b,
2004 and are typical of beam theories with enriched warping
description such as that of Capurso (1964b, 1984). These modes
are ruled by parameters w and summarized in Fig. 2. These modes
engender ess ¼ czn ¼ 0 and matrix E takes the following form:
E ¼
0 0 0 0
0 u 0 0
0 0 0 u
0 0 0 0
26664
37775: ð13Þ
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Fig. 3. Wall thickness resultants of bulk loads.
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In this section, the formulation of the GBT for ﬂexural–shear
modes is presented. In the following, all the expressions are given
for fundamental ﬂexural–shear modes. The corresponding expres-
sions for local ﬂexural–shear modes can be obtained by simply
putting l ¼ u ¼ 0.
3.1. Generalized stresses and forces
The generalized stresses s are deﬁned as the work-conjugates of
the generalized deformations e according to the following work
equivalence condition:Z
A
rTedA ¼ sTe; ð14Þ
where r ¼ rss rzz szs szn½ T is the vector collecting the three-
dimensional stress components. Using Eq. (7), the above condition
yields:
s ¼
Z
A
ETrdA ð15Þ
being A the area of the cross-section of the beam. As observed in the
previous section, parameters e are not free from cross-section rigid-
body motions. Of course, the s parameters corresponding to such
modes are meaningless. Assuming sT ¼ ST MT TT VT
 
and
substituting Eq. (12) in Eq. (15), the following expressions for the
components of s are obtained:
S ¼ 
Z
A
nw
T
rssdA; ð16Þ
M ¼
Z
A
xTrzzdA; ð17Þ
T ¼ 
Z
A
2nwTszsdA; ð18Þ
V ¼ 
Z
A
ðu Tszs þ wTsznÞdA ¼ 
Z
A
5xjn¼0szdA ð19Þ
with sTz ¼ szs szn½ . In the same fashion of the generalized stresses,
the generalized forces are deﬁned as the work-conjugates of the
kinematic parameters u. Denoting by bT ¼ bn; bs; bz½  the vector
collecting the bulk loads applied on the i-th wall, the generalized
bulk forces fðbÞ are deﬁned as:
fðbÞ ¼
Z
A
UTbdA: ð20Þ
Using Eq. (6), the above equation can be rewritten as:
fðbÞv ¼ 
Z
l
5xjn¼0  qin ds
Z
l
w
T
ms ds; ð21Þ
fðbÞw ¼
Z
l
uTqz dsþ
Z
l
wTmz ds ð22Þ
being fðbÞT ¼ fðbÞTv fðbÞTw
h i
; l the cross-section midline length,
and qTin ¼ qs qn½ ; qz; ms and mz the thickness resultants (see
Fig. 3):
qz ¼
Z
h
bzdn; qs ¼
Z
h
bsdn; qn ¼
Z
h
bndn; ð23Þ
mz ¼ 
Z
h
nbzdn; ms ¼
Z
h
nbsdn ð24Þ
with h denoting the thickness of the wall. As it can be noted, fðbÞv
denotes the generalized forces associated to bulk loads acting inthe plane of the cross-section, bs and bn, and f
ðbÞ
w the generalized
forces associated to bz.
The generalized surface forces fðpÞ are deﬁned following the
same path outlined for fðbÞ. In particular, it can be easily veriﬁed
that they can be written as:
fðpÞv ¼ 
Z
l
5xjn¼0ðpðþÞin þ pðÞin Þds
Z
l
w
 T pðþÞs  pðÞs
2
 !
hds;
fðpÞw ¼
Z
l
uTðpðþÞz þ pðÞz Þdsþ
Z
l
wT
pðþÞz  pðÞz
2
 !
hds ð25Þ
being fðpÞT ¼ fðpÞTv fðpÞTw
h i
, and pTin ¼ ps pn½  and pz the loads on the
bottom and top faces of the walls, identiﬁed with the superscript (+)
or () according to the sign of n on said surfaces. Finally, the gener-
alized forces fT ¼ fTv fTw
h i
are obtained as sum of the bulk and sur-
face generalized forces:
fv ¼ fðbÞv þ fðpÞv ; fw ¼ fðbÞw þ fðpÞw : ð26Þ3.2. Generalized inertia forces
Generalized inertia forces fðiÞ can be written as:
fðiÞ ¼ m€u; ð27Þ
where a superposed dot denotes the time derivative and m is the
generalized inertia matrix, deﬁned according to the following
kinetic energy equivalence condition:
1
2
Z
A
q _dT _ddA ¼ 1
2
Z
A
_uTm _udA: ð28Þ
Substituting Eq. (6) in Eq. (28) and integrating over the wall thick-
ness yield:
m ¼
Z
A
qUTUdA ¼ mv 0
0 mw
 
; ð29Þ
where
mv ¼
Z
A
q wTwþ nTn dA ¼ Z
l
q hrxj2n¼0 þ
h3
12
w
Tw
 !
ds; ð30Þ
mw ¼
Z
A
qxTxdA ¼
Z
l
q huTuþ h
3
12
wTw
 !
ds: ð31Þ3.3. Dynamic equilibrium equations
Invoking the D’Alembert form of the Principle of Virtual Work, it
is possible to write the dynamic equilibrium equations in the form:
Ds ¼ f m€u; ð32Þ
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ferential operator adjoint to L. Expressing s; f and m in terms of
their components, the equilibrium equation (32) takes the form:
S 1
2
T0  V0  fv þmv €v ¼ 0; ð33Þ
M0 þ 1
2
T V  fw þmw €w ¼ 0: ð34Þ
Moreover, the same variational framework yields also the following
boundary conditions:
M ¼ 	 W or w ¼ w;
T
2
þ V ¼ 	 Q or v ¼ v;
ð35Þ
where a superposed bar denotes a quantity assigned on the extreme
bases. In particular, in the above equations the following deﬁnitions
have been introduced:
W ¼
Z
A
xtzdA; Q ¼
Z
A
ðwtn  utsÞdA
Z
A
nwtsdA; ð36Þ
where ts; tn and tz are the surface forces applied on the extreme
bases of the beam, in direction s;n and z, respectively. It is worth
to note that the second boundary condition involve the quantity
T
2þ V that, as it will be shown in the recovery of classical theories,
leads to the total twisting moment (see Section 5.1.1).
3.4. Constitutive law
The material is assumed linearly elastic and isotropic. Since the
beam model is based on a kinematic ansatz that leads to internal
constraints it tends to be overstiff. In the framework of the classic
GBT, a typical way to address this problem is to properly adjust the
constitutive equations. In particular, the following form is usually
assumed:
r ¼ CðMÞeðMÞ þ CðBÞeðBÞ; ð37Þ
where
CðMÞ ¼
E 0 0 0
0 E 0 0
0 0 G 0
0 0 0 G
26664
37775; CðBÞ ¼
E mE 0 0
mE E 0 0
0 0 G 0
0 0 0 G
26664
37775 ð38Þ
and eðMÞ and eðBÞ are the vectors collecting, respectively, the mem-
brane and the bending parts of the strain components. Also, E is
the Young’s modulus, G the shear modulus and E ¼ E=ð1 m2Þ being
m the Poisson coefﬁcient. It should be noted that the same result
could be obtained by assuming the same biaxial constitutive law
for both the membrane and bending part and, then, assuming null
the Poisson coefﬁcient for the membrane part. Indeed, alternative
proposals can be found in the literature. For example, Jönsson and
Andreassen (2011) assumed a uniaxial constitutive law for both
the membrane and bending parts, so neglecting any coupling of
axial and transverse strain, and the plate type elasticity modulus
E is used in the transverse direction.
The cross-section stiffness matrix C (that is the constitutive law
of the beam model) can be derived by the following work-equiva-
lence conditionZ
A
eðMÞ þ eðBÞ T CðMÞeðMÞ þ CðBÞeðBÞ dA ¼ eTCe ð39Þ
and takes the formC ¼
Cðf ÞS C
ðf Þ
SM 0 0
Cðf ÞSM C
ðf Þ
M 0 0
0 0 Cðf ÞT 0
0 0 0 Cðf ÞV
2666664
3777775; ð40Þ
where:
Cðf ÞS ¼ E
Z
A
n2w
T
w

dA; ð41Þ
Cðf ÞSM ¼ mE
Z
A
n2w
T
wdA; ð42Þ
Cðf ÞM ¼
Z
A
ðEn2wTwþ EuTuÞdA ¼ E
Z
A
xT xdA; ð43Þ
Cðf ÞT ¼ 4G
Z
A
n2wTwdA ¼ G t
3
3
Z
l
wTwds; ð44Þ
Cðf ÞV ¼ G
Z
A
5xTjn¼0 5xjn¼0
 
dA ð45Þ
¼ G
Z
A
ðu Tu þwTwÞdA ð46Þ
and
x ¼ u n
ﬃﬃﬃ
E
E
s
w: ð47Þ
In general, the various submatrices composing the cross-stiffness
matrix C are full, so determining an high coupling among the gen-
eralized deformation parameters and, hence, in the ﬁnal governing
equations. In addition, the mechanical meaning of the generalized
deformation parameters is not at all obvious and, in particular,
the classical parameters of standard beam theories cannot be
clearly distinguished. However, a modal transformation is sufﬁcient
to gain a partial uncoupling among the generalized parameters and,
what is most important, to shed light on their mechanical meaning.
The new basis is termed as modal base and the transformation as
modal decomposition. The interested reader can refer to de
Miranda et al. (2013) for further details on the modal decomposi-
tion procedure. Hereinafter, whenever a generic matrix/vector ‘‘’’
is expressed in the modal space, the symbol ‘‘^’’ is used. In the modal
space, matrices C^ðf ÞS and C^
ðf Þ
M are diagonal and can be written as:
C^ðf ÞS
n o
ii
¼ EKi; C^ðf ÞM
n o
ii
¼ EIi; ð48Þ
where Ki ¼
R
A n
2 wi

dA; Ii ¼
R
A
x2i dA.
3.5. Reconstruction of the three-dimensional stresses
As observed in Section 2, the GBT model can be seen as the
representation of a three-dimensional body on whose displace-
ments some kinematical ansatzs are made in order to restrict
the class of admissible deformations to those peculiar of a
one-dimensional beam model. The kinematical ansatzs play the
role of an internal constraint imposed on the parent three-
dimensional body to derive the corresponding one-dimensional
beam model. As extensively discussed by Lembo and Podio-
Guidugli (2007) and Formica et al. (2014) with reference to
plate-like bodies, in presence of internal constraints the stress
ﬁeld decomposes into the sum of an active and a reactive part:
only the active part is constitutively determined by the solution
of the beam problem, and the reactive part is given the role of
maintaining the constraints while doing no work for each admis-
sible deformation. As regards the active part, assuming the con-
stitutive law (38) and combining Eqs. (7), (12) and (37), the
following expressions for the three-dimensional stress compo-
nents can be obtained (active part only):
x,ex
n,en 
O ro 
s,e
C
r rm 
P 
s 
G
y,ey 
Fig. 4. Generic wall of the cross-section: the local reference system Onsz and the
global reference system Gxyz. The position vector of the generic point P is denoted
by r and the position vector of the projection of P on the wall midline by rm .
i th wall
Fig. 5. The cross-section as composed by a sequence of rectangles.
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X
j
gðSÞj
Sj
Kj
þ mgðSMÞj
Mj
Ij
	 

; ð49Þ
rðMÞzz ¼
X
j
hðMÞj
Mj
Ij
 mhðMSÞj
Sj
Kj
	 

; ð50Þ
rðBÞzz ¼ n
X
j
gðMÞj
Mj
Ij
þ mgðSMÞj
Sj
Kj
	 

; ð51Þ
sðMÞzs ¼ 
X
j
gðVÞj
V j
Aj
; sðBÞzs ¼ n
X
j
gðTÞj
Tj
Jj
; ð52Þ
sðMÞzn ¼
X
j
hðVÞj
V j
Aj
ð53Þ
and rðMÞss ¼ 0, sðBÞzn ¼ 0, being Jj ¼
R
A 4n
2w2j ; Aj ¼
R
Arx2j dA, and gð
Þj
and hð
Þj functions of the s-coordinate whose expressions are given
in Appendix A. Notice that the stress components rðMÞss and sðBÞzn have
the active part null and hence are completely reactive.
As regards the recovery of the reactive parts of the three-dimen-
sional stress components, the interested reader can refer to de
Miranda et al. (2014) where a procedure to recover them by
enforcing the three-dimensional equilibrium conditions is
discussed.
4. Recovery of the shear undeformable GBT
The recovery of the classical shear undeformable GBT starting
from the shear deformable one developed in the previous sections
is presented here. As it is well know from the literature on GBT, in
the shear undeformable GBT the following constraints hold:
czn ¼ cðMÞzs ¼ 0. Here, in order to satisfy these constraints and reduce
the present theory to the shear undeformable GBT, it sufﬁces to
assume c ¼ 0. As a consequence, from Eq. (9), it immediately fol-
lows: w ¼ v0, i.e. w is not an independent generalized displace-
ment anymore, that is the classical constraint of the shear
undeformable theories. Hence, the vectors u and e and the opera-
tors U and L read as:
u ¼ v½ ; e ¼
a
v
b
264
375; U ¼ wn
x@=@z
264
375; L ¼ 1@2=@z2
@=@z
264
375: ð54Þ
Accordingly, following the same path outlined in the previous sec-
tion, the equilibrium equations can be written as:
SþM00  T0  fv þ f 0w þmv €v mw€v00 ¼ 0 ð55Þ
and the boundary conditions as
TM0  fw þmw€v0 ¼ 	 Q ; or v ¼ v;
M ¼ 	 W; or v0 ¼ w: ð56Þ
Notice that the equilibrium equation (55) could be obtained form
Eqs. (33) and (34) by simply differentiating the second one with
respect to z and summing to the ﬁrst one, as in classical passage
from the Timoshenko to the Euler–Bernoulli beam theory.
5. Recovery of the classical beam theories
In this section, it is shown how it is possible to recover classical
beam theories from the Generalized Beam Theory described in Sec-
tion 3, i.e. using only the ﬂexural–shear modes. In particular, it will
be shown how it is possible to recover the Vlasov beam theory
enriched with shear deformation (Piovan and Cortínez, 2007) and
also how this can be reduced to the classic theory of Vlasov with-
out shear deformation. Finally, an example which discusses the
inﬂuence of shear deformability on the torsional behavior of a Vla-
sov beam is presented.In the following, reference is made to the geometric relations
given in Appendix B and to Fig. 4, where G and C denote, respec-
tively, the geometric centre and the shear centre of the
cross-section, and x and y are the principal inertia axes of the cross-
section, in the sense speciﬁed in Section 5.1.5. Moreover,
consistent with engineering practice, when computing geometric
properties the cross-section is considered as composed by a
sequence of rectangles, one for each wall, as sketched in Fig. 5.
5.1. Shear deformable Vlasov beam theory
Consider a thin-walled beam whose cross-section has at least
four natural nodes. Use only ﬂexural–shear deformation modes
and, in particular, in the modal space take into consideration only
the ﬁrst four modes and neglect all the others (i.e. consider only
those modes which entail rigid cross-section in its own plane).
Under the above hypotheses, it can be veriﬁed that the displace-
ment ﬁeld can be written as:
d^nðn; s; zÞ ¼ w^1v^1 þ w^2v^2 þ w^3v^3 þ w^4v^4; ð57Þ
d^sðn; s; zÞ ¼ n^1v^1 þ n^2v^2 þ n^3v^3 þ n^4v^4; ð58Þ
d^zðn; s; zÞ ¼ x^1w^1 þ x^2w^2 þ x^3w^3 þ x^4w^4 ð59Þ
and functions w^i; n^i; x^i take the following forms:
w^1 ¼ 0; n^1 ¼ l^1  n^w1 ¼ 0; x^1 ¼ u^1  nw^1 ¼ 1;
w^2 ¼ x

; n^2 ¼ l^2  n^w2 ¼x; x^2 ¼ u^2  nw^2 ¼ x;
w^3 ¼ y

; n^3 ¼ l^3  n^w3 ¼y; x^3 ¼ u^3  nw^3 ¼ y;
w^4 ¼ /

; n^4 ¼ l^4  n^w4 ¼ /m þ n; x^4 ¼ u^4  nw^4 ¼ /;
ð60Þ
where / denotes the warping function:
/ðs;nÞ ¼ /mðsÞ  n/hðsÞ ð61Þ
being /m ¼ rTmen and /h ¼ rTmes, with rm; en and es given in Fig. 4. In
Eq. (61), /m is the primary or contour warping, whereas /h is the
secondary or thickness warping.
From the above expressions it can be argued that v^2; v^3 and w^1
are the displacements of the shear centre C in the directions x; y
xVx
V
C
Mx
M
Vy
T
y
G
y
Fig. 6. Recovery of Vlasov beam: generalized stresses.
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the principal inertia axes x and y, and v^4 is the in-plane cross-sec-
tion rotation about the shear centre. Moreover, w^4 is the sum of the
rate of twist about the shear centre and of the torsional shear strain
(further details about this are given at the end of this section).
Finally, v^1 can be disregarded, since the corresponding modal func-
tions w^1 and n^1 are null. In order to emphasize their physical mean-
ing, the following renaming of the kinematic parameters is
introduced:
v^ ¼
v^2
v^3
v^4
26664
37775 ¼
vx
vy
hz
26664
37775; w^ ¼
w^1
w^2
w^3
w^4
26666664
37777775 ¼
vz
hy
hx
w/
26666664
37777775: ð62Þ
Note that, as could be expected in a shear deformable beam, the
cross-section rigid rotations about the principal inertia axes, hx
and hy, are kinematic parameters independent form the transverse
displacements of the shear centre along the principal inertia axes,
vx and vy.
Substituting Eqs. (60) and (62) in (57)–(59) and using the geo-
metrical relations given in Appendix B yield the following form
for the displacement ﬁeld:
d^n ¼ enxvx þ enyvy  rTeshz ¼ vn  rTeshz; ð63Þ
d^s ¼ esxvx þ esyvy  rTenhz ¼ vs  rTenhz; ð64Þ
d^z ¼ vz  xhy þ yhx  /w/; ð65Þ
where vn and v s denote the displacements of the shear centre in the
directions of local axes n and s, respectively.
In this context, the signiﬁcant components of the vector of the
generalized deformations, i.e. the components associated to non-
null strain energy, can be written as:
v^ ¼
e
vy
vx
v/
2666664
3777775 ¼
v 0z
h0y
h0x
w0/
2666664
3777775; b^ ¼ b½  ¼ 12 ðh0z þw/Þ
 
;
c^ ¼
cx
cy
c/
2664
3775 ¼
v 0x  hy
v 0y þ hx
h0z w/
2664
3775: ð66Þ
The components of a^ have not been included since they correspond
to rigid body motions of the cross-section (de Miranda et al., 2013).
The same holds for the ﬁrst component of c^ and the ﬁrst three com-
ponents of b^, all omitted since corresponding to cross-section rigid
body motions. In Eq. (66), e is the axial strain, vx and vy are the
bending curvatures about principal axes, v/ is the torsional curva-
ture due to non-uniform warping, cx and cy are the transverse shear
strains and c/ is the torsional shear strain. As regards the general-
ized deformation b, this can be rewritten in terms of c/ as
b ¼ h0z  12 c/, so showing that bis the torsion strain made free from
the effect of shear deformability. Moreover, by eliminating b
between this last expression and that given in Eq. (66), yields
w/ ¼ h0z  c/; ð67Þ
that shows that w/ is the sum of the rate of twist about the shear
centre and of the torsional shear strain.
5.1.1. Generalized stresses and forces
The generalized stresses associated to the above generalized
deformations are:M^ ¼
N
My
Mx
B
26664
37775; T^ ¼ T½ ; V^ ¼
Vx
Vy
V/
264
375: ð68Þ
Substituting Eq. (60) in Eqs. (17)–(19), the components of the gen-
eralized stresses take the following forms:
N ¼
Z
A
rzzdA; My ¼
Z
A
xrzzdA; Mx ¼
Z
A
yrzzdA; ð69Þ
B ¼
Z
A
/rzzdA; T ¼
Z
A
2nszsdA; ð70Þ
Vx ¼
Z
A
ðxszs þ x

sznÞdA ¼
Z
A
sTzexdA; ð71Þ
Vy ¼
Z
A
ðyszs þ y

sznÞdA ¼
Z
A
sTzeydA; ð72Þ
V/ ¼
Z
A
ð/ jn¼0szs þ /

jn¼0sznÞdA ¼
Z
l
hðr sz
 ÞTez ds ð73Þ
being sz the mean value of sz over the wall thickness. Inspecting the
expressions given in Eqs. (69)–(73) it can be noted that they are the
classical deﬁnitions of the generalized stress components for a Vla-
sov beam (see Fig. 6). In particular, it can be noted that:

 the expressions in Eq. (69) are the deﬁnitions of axial force,
bending moment about the y-axis and bending moment about
the x-axis, respectively;

 the expressions in Eq. (70) are the deﬁnitions of the bi-moment
a´ la Vlasov and of the St. Venant torsion, respectively;

 the expressions in Eqs. (71) and (72) are the deﬁnitions of the
shearing forces in the x- and y-direction, respectively;

 the expression in Eq. (73) is the deﬁnition of the warping
torsion..Analogously to generalized stresses, using Eq. (60) and Eqs. (21) and
(22), the generalized bulk forces can be put in the form:
f^ðbÞv ¼
fx
fy
cz
264
375; f^ðbÞw ¼
fz
cy
cx
c/
26664
37775 ð74Þ
with
fx¼
Z
l
x

qnþxqs
 
ds¼
Z
l
qTinexds; ð75Þ
fy¼
Z
l
y

qnþyqs
 
ds¼
Z
l
qTineyds; ð76Þ
cz¼
Z
l
/

jn¼0qnþ/jn¼0qs
	 

dsþ
Z
l
msds¼
Z
l
½ðrqinÞTezþmsds; ð77Þ
fz¼
Z
A
bzdA; cy¼
Z
A
xbzdA; ð78Þ
cx¼
Z
A
ybzdA; c/¼
Z
A
/bzdA: ð79Þ
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plane of cross-section, cz is the prescribed torsional couple, fz is
the prescribed axial force, and cx and cy are the bending couples pre-
scribed about axes x and y, respectively. Analogous expressions can
be obtained for the generalized surface forces fðsÞ. They are not
reported here for the sake of brevity.5.1.2. Generalized inertia forces
Substituting Eq. (60) in Eqs. (30) and (31) and using the geomet-
rical relations given in Appendix B, the inertia matrices read as:
m^v ¼
qA 0 qAyc
qA qAxc
sym qIc
264
375; m^w ¼
qA 0 0 0
qIx 0 0
qIy 0
sym qC
26664
37775;
ð80Þ
where xc and yc are the coordinates of the shear centre, Ix ¼
R
A y
2dA,
and Iy ¼
R
A x
2dA are the moments of inertia of the cross-section
about x- and y-axis, Ic ¼
R
A r
2
mdAþ
R
l
h3
12 ds is the sum of the polar
moment of inertia about the shear centre and of the moment of
inertia reckoned about the midline of the cross-section, and
C ¼ RA /2dA is the warping constant. Notice that, since axes x and
y are the principal axes of inertia of the cross-section, the off-diag-
onal terms in matrix m^w vanish. The constants in matrices m^v and
m^w can be identiﬁed as the effective inertial properties of the cross-
section. Thus, qA is the effective inertia due to translations of the
cross section, qIx and qIy are the effective bending rotary inertias,
qIc is the effective twisting rotary inertia and qC is the effective
warping inertia.5.1.3. Dynamic equilibrium equations
In the present context, the dynamic equilibrium equations, Eqs.
(33) and (34), read as:
 V 0x  fx þ qA€vx þ qAyc€hz ¼ 0; ð81Þ
 V 0y  fy þ qA€vy  qAxc€hz ¼ 0; ð82Þ
 1
2
T 0  V 0/  cz þ qIc€hz þ qAyc €vx  qAxc€vy ¼ 0; ð83Þ
 N0  fz þ qA€vz ¼ 0; ð84Þ
M0y  Vx  cy þ qIx€hy ¼ 0; ð85Þ
M0x  Vy  cx  qIy€hx ¼ 0; ð86Þ
 B0 þ 1
2
T  V/  c/ þ qC €w/ ¼ 0: ð87Þ
Introducing the total non-uniform torsion (or total twisting
moment), deﬁned asMz ¼ T2þ V/, Eqs. (83) and (87 ) take the forms:
M0z  cz þ qIc€hz þ qAyc€vx  qAxc €vy ¼ 0; ð88Þ
 B0 þ T Mz  c/ þ qC €w/ ¼ 0: ð89Þ
As it can be observed, Eq. (84) is the classical axial force equilibrium
equation, Eqs. (81) and (82) are the classical shear forces equilib-
rium equations, Eqs. (85) and (86) are the classical bending
moments equilibrium equation, and Eqs. (83) and (87), or equiva-
lently Eqs. (88) and (89), are the equilibrium equations for non-uni-
form torsion, accounting also for the contribution of the St. Venant
torsion. In particular, focusing the attention on the bending-shear
behavior only, it can be noted that Eqs. (81), (82), (85) and (86)
are typical equilibrium equations of a Timoshenko beam. In statics,
the bending-shear equilibrium equations and the torsional ones are
uncoupled. In dynamics, they are coupled through the inertia forces,
unless the geometric centre of the cross-section and the shear
centre coincide (i.e. xc ¼ yc ¼ 0).5.1.4. Constitutive laws
Henceforth for simpliﬁcation we shall assume uniaxial constitu-
tive relationships for both the membrane and bending stress com-
ponents, i.e. CðMÞ matrix, Eq. (38), is used for both membrane and
bending parts of the strains. Notice that this assumption implies
that x ¼ x, see Eq. (47). Under this assumption, substituting Eq.
(60) in Eq. (40) yields the following classical forms for the beam
constitutive laws:
N ¼
Z
A
EdA
	 

e ¼ EAe; ð90Þ
Mx ¼
Z
A
Ey2dA
	 

vx ¼ EIxvx; ð91Þ
My ¼
Z
A
Ex2dA
	 

vy ¼ EIyvy; ð92Þ
B ¼
Z
A
E/2dA
	 

v/ ¼ ECv/; ð93Þ
T ¼
Z
A
4Gn2dA
	 

b ¼ GJtb; ð94Þ
Vx ¼
Z
A
GeTxexdA
	 

cx 
Z
A
GrTmeydA
	 

c/ ¼ GAcx þ GAycc/; ð95Þ
Vy ¼
Z
A
GeTyeydA
	 

cy 
Z
A
GrTmexdA
	 

c/ ¼ GAcy  GAxcc/; ð96Þ
V/ ¼
Z
A
Gr2mdA
	 

c/ 
Z
A
GrTmeydA
	 

cx
þ
Z
A
GrTmexdA
	 

cy
¼ GIcc/ þ GAyccx  GAxccy; ð97Þ
where Ic is the polar moment of inertia about the shear centre, that
differs form Ic because does not account for the thickness contribu-
tion, and Jt ¼
R
A 4n
2dA is the St. Venant torsion constant.
5.1.5. Some remarks
(1) The cross-section geometrical properties given above, as
well as the deﬁnition of the principal inertia axes, are the
standard ones, whether an uncoupled one-dimensional con-
stitutive law or a coupled two-dimensional one is adopted
for both the membrane and bending parts. In the ﬁrst case,
the results are those just presented. In the second case, the
results are like those presented, but E is replaced by E. The
case of the classic GBT, where an uncoupled constitutive
law is adopted for the membrane part and a coupled one is
adopted for the bending one, is slightly different. In fact, it
can be shown that, in this case, the same expressions pre-
sented in this paper are obtained but the cross-section geo-
metrical properties and the principal inertia axes are not
exactly the standard ones, owing to a slight mismatch in
the higher-order wall-thickness terms, even if the position
of cross-section geometric centre is correct. In particular,
the effect on the inertia moments of the generic wall is
sketched in Fig. 7. As it can be noted, the inertia moment
In0 , depending on the third power of the thickness, differs
form the standard one due to the factor b.
(2) According to Eqs. (95)–(97), the submatrix C^ðf ÞV of the cross-
section stiffness matrix reads as:C^ðf ÞV ¼ G
A 0 Ayc
A Axc
sym Ic
264
375: ð98ÞThis suggests how to easily obtain the principal axes of inertia of
the cross-section and the position of the shear centre: in the
modal decomposition, the principal inertia axes can be obtained
GFig. 7. Inertia moments of the generic wall.
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malizing it so to have the cross-section area in the diagonal
terms. Then, the position of the shear centre can be obtained
from the terms on the third row.
(3) Usually, the generalized eigenvalue problem of the modal
decomposition procedure is based on matrices Cðf ÞS and C
ðf Þ
M
(de Miranda et al., 2013). However, if matrix Cðf ÞM is substi-
tuted by matrix Cðf ÞV , then all the quantities turn out to be
referred to the geometric centre instead of the shear centre,
as shown in Fig. 8 where the quantities referred to the geo-
metric centre are denoted by ‘‘’’. In this case, the coupling
between the shearing forces and the warping torsion van-
ishes and the matrix C^ðf ÞV reads as:Fig. 8.
the geoC^ðf ÞV ¼
A
A
IG
264
375: ð99ÞOf course, in this case, couplings between the shearing forces
and the St. Venant torsion appear.
(4) As expected, in C^ðf ÞV there are no shear correction factors,
independently form the cross-section shape. The shear cor-
rection factors are automatically accounted for by enriching
the description of the warping displacement by introducing
the nonlinear warping modes. In this case, in fact, couplings
between the sharing forces and the generalized stresses
associated to the nonlinear warping modes appear (see
Section 6).
5.2. Shear undeformable Vlasov beam theory
The shear undeformable Vlasov beam theory, that is the classi-
cal Vlasov beam theory, can be recovered by simply applying the
constraint that w^ ¼ v^0, typical of the classical shear undeformable
GBT (see Section 4), to the beam theory presented in Section 5.1.
Introducing the above constraint in Eq. (62) leads to the following
forms for the kinematic parameters:
v^ ¼
v^2
v^3
v^4
264
375 ¼ vxvy
hz
264
375; v^0 ¼
v^ 01
v^ 02
v^ 03
v^ 04
26664
37775 ¼
vz
v 0x
v 0y
h0z
26664
37775; ð100Þ
where, as expected, the cross-section rigid rotations about the prin-
cipal inertia axes are the derivatives of the transverse displace-
ments. Accordingly, the generalized deformations read as:x
Vx C
(a)
Vy
V
G
y
x
C
(b)
y
V
V
Vy G
x
Shearing forces and warping torsion referred to the shear centre (a) and to
metric centre (b).v^ ¼
e
vy
vx
v/
26664
37775 ¼
v 0z
v 00x
v 00y
h00z
26664
37775; b^ ¼ b½  ¼ h0z  ð101Þ
and, of course, c^ ¼ 0. Consequently, the generalized stresses are cM
and bT, that have the same forms of Eq. (68). Moreover, the general-
ized forces, the matrices of inertia and the constitutive laws are the
same of that given in Section 5.1. The equilibrium equations can be
obtained by simply specializing Eq. (55) to the present case. It
follows:
M00y  fx  c0y þ qA€vx þ qAyc€hz  qIx€h0y ¼ 0; ð102Þ
M00x  fy  c0x þ qA€vy þ qAxc€hz þ qIy€h0x ¼ 0; ð103Þ
B00  T 0  cz þ c0/ þ qIc€hz þ qAyc€vx  qAxc €vy  qC€h00z ¼ 0 ð104Þ
together with the axial force equilibrium equation, in the same form
of Eq. (84). As it can be noted, Eqs. (102) and (103) are the bending
moments equilibrium equations typical of an Euler–Bernoulli beam,
and Eq. (104) is the classical equilibrium equation for non-uniform
torsion.
5.3. An example for non-uniform torsion
Consider a beam of length L clamped at one end and loaded by a
torque Q at the other end, see Fig. 9(a). Assume that the beam is in
static regime, that the cross-section has two symmetry axes (i.e.
xc ¼ yc ¼ 0) and that c/ ¼ cz ¼ 0. Under these hypotheses, the tor-
sional problem is uncoupled from the bending-shear one. Within
the shear deformable Vlasov beam theory, the solution of this
problem in terms of hz and w/ reads as (see Appendix C):
hz ¼
Q
GJt
1 Jt
4Ic
	 

z
d
 d e
az þ e2aLð1 eazÞ  1
a 1þ e2aLð Þ
 
; ð105Þ
w/ ¼
Q
GJt
1þ Jt
4Ic
	 

1 eaz þ e2aLð1 eazÞ
1þ e2aL
 
; ð106Þ
where
a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GJt
EC 1þ Jt4Ic
 vuut ; d ¼ 1 Jt4Ic
1þ Jt4Ic
: ð107Þ
On the other hand, solving the same problem within the classical
Vlasov theory, i.e. accounting for the non-uniform torsion but not
for the shear deformation, the twist hz takes the form:
hz ¼
Q
GJt
z e
~az þ e2~aLð1 e~azÞ  1
~a 1þ e2~aLð Þ
 
; ð108Þ
where
~a ¼
ﬃﬃﬃﬃﬃﬃ
GJt
EC
r
: ð109ÞL
h 
H2
H1
Q
(a) (b) 
Fig. 9. Cantilever beam loaded by a torque.
Table 1
Values of parameter d for various double-T cross-sections (m ¼ 0:25).
H1 [cm] H2 [cm] h [cm] d
40 20 1 0.999
20 20 2 0.998
10 10 2 0.999
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ence between them is the presence of the parameter d (or, analo-
gously, of the term Jt=4Ic) in the former, which can be viewed as a
‘‘measure’’ of the effect of the shear deformability on the solution
in terms of hz. For standard dimensions used in the current practice,
this effect is of little importance, as shown by Table 1 collecting the
values of d for three different sets of dimensions of a double-T cross-
section (see Fig. 9(b)). As it can be noticed, in all the cases consid-
ered d  1 and, hence, the effect of the shear deformability on the
solution in terms of hz is very small.
6. Nonlinear warping formulation
In this section, the GBT formulation for nonlinear warping
deformation modes is presented. Recalling the expression of
matrix E for nonlinear warping deformation modes, Eq. (13), and
following the same path outlined in Section 3 for the ﬂexural for-
mulation, it can be easily veriﬁed that, for the nonlinear warping
modes, the generalized stresses read as:
M ¼
Z
A
uTrzzdA; V ¼ 
Z
A
uTszsdA ð110Þ
and the cross-section stiffness matrix as:
C ¼
0 0 0 0
0 CðwÞM 0 0
0 0 0 0
0 0 0 CðwÞV
26664
37775 ð111Þ
being
CðwÞM ¼ E
Z
A
uTudA; CðwÞV ¼ G
Z
A
u
TudA: ð112Þ
Of course, if both the ﬂexural–shear and the nonlinear warping
deformation modes are considered, then the cross-section stiffness
matrix should be obtained by superposing those of Eqs. (40) and
(111) and adding the coupling terms between the two classes of
modes (that can be evaluated using the same arguments employed
to obtain the other terms). This case is not reported here for the
sake of brevity. The modal decomposition procedure follows the
same lines of that given in de Miranda et al. (2013).
7. Recovery of the Capurso beam theory
In this section, it is shown how, using the nonlinear warping
modes, in addition to the ﬂexural–shear ones, it is possible to
recover the Capurso beam theory (Capurso, 1964a,b).
Consider a thin-walled beam with the cross-section having at
least four natural nodes. In the modal space, take into consider-
ation the same four ﬂexural–shear modes already discussed in Sec-
tion 5, together with nw nonlinear warping modes u^i associated to
internal nodes. Under these hypotheses, the displacement ﬁeld of
Eqs. (63)–(65), takes the following form:
d^nðn; s; z; tÞ ¼ vn  rTeshz; ð113Þ
d^sðn; s; z; tÞ ¼ v s  rTenhz; ð114Þ
d^zðn; s; z; tÞ ¼ vz  xhy þ yhx  /w/ þ
X
i¼1
nwu^iw^i: ð115ÞAs expected, the nonlinear warping modes engender an enrichment
in the description of the warping displacement d^z, given by the termP
iu^iw^i, without modifying the expressions of the displacements d^n
and d^s in the plane of the cross-section.
The above displacement ﬁeld has the same form of that of the
Capurso beam theory (Capurso, 1964a,b). Indeed, it is worth to
note that here u^i are piecewise linear functions and not the eigen-
functions of a particular homogeneous self-adjoint equation as in
the Capurso’s theory. However, in the present case, piecewise lin-
ear functions u^i are associated to internal nodes whose number
nw and position do not depend on the geometry of the cross-sec-
tion. Therefore, it is always possible to use a number of functions
u^i able to accurately approximate the eigenfunctions of the
Capurso theory. Alternatively, no theoretical limits exist to refor-
mulate the present theory using the Capurso eigenfunctions for
functions u^i.
Using the same arguments of Section 5, it can be easily shown
that, in the present case, the equilibrium equations (81)–(87) are
completed by
M0i  Vi  ci ¼ 0; i ¼ 1; . . .nw; ð116Þ
where
Mi ¼
Z
A
u^irzzdA; Vi ¼ 
Z
A
u^iszsdA; ci ¼
Z
A
u^ibzdA: ð117Þ
Moreover, the relationships between generalized stresses Mi and
the corresponding generalized deformations vi read as:
Mi ¼ EIivi; i ¼ 1; . . .nw ð118Þ
with Ii ¼
R
A u^
2
i dA. On the other hand, the constitutive relationships
for the generalized stresses Vi couple the nonlinear warping modes
with the ﬂexural–shear ones. In particular, the constitutive relation-
ship reads as:
Vl
Vh
 
¼ C^
ðf Þ
V C^
ðfwÞ
V
sym C^ðwÞV
" #
cl
ch
 
; ð119Þ
where Vl ¼ Vx Vy V/½ T and cl ¼ cx cy c/
 T collect the enti-
ties associated to the four ﬂexural–shear modes, and
Vh ¼ V1 . . . Vi . . . Vw½ T and ch ¼ c1 . . . ci . . . cw½ T those
associated to the nonlinear warping ones. As it can be easily veri-
ﬁed, matrices C^ðf ÞV and C^
ðfwÞ
V read as:
fC^ðf ÞV gii ¼ GAi; with Ai ¼
Z
A
^ui2dA; ð120Þ
fC^ðfwÞV g1i ¼ G
Z
A
xm^uidA; ð121Þ
fC^ðfwÞV g2i ¼ G
Z
A
ym
^uidA; ð122Þ
fC^ðfwÞV g3i ¼ G
Z
A
/m
^uidA: ð123Þ
Notice that, according to the presence of ch, this theory does not
require shear correction factors.
8. Conclusions
The recovery of classical and non-classical beam theories within
the framework of the GBT has been presented. To this purpose, a
new formulation of the GBT with shear deformation has been con-
ceived. In particular, the formulation recently proposed by de
Miranda et al. (2013) has been modiﬁed by introducing new deﬁ-
nitions of the kinematic parameters and of the generalized defor-
mations, and has been extended to the dynamic case. Starting
from this, ﬁrstly it has been shown how it is possible to reduce
the new GBT formulation to the standard shear undeformable
3708 S. de Miranda et al. / International Journal of Solids and Structures 51 (2014) 3698–3709one. Then, the recovery of the Vlasov beam theory, both with and
without shear deformation, by a suitable choice of the ﬂexural–
shear deformation modes has been presented. Finally, the Capurso
beam theory has been recovered by using the nonlinear warping
deformation modes. It is worth to remark here that the possibility
to establish clear relationships between the GBT results and those
of the classical beam theories is a crucial issue for a correct theoret-
ical positioning of the GBT within the framework of the other exist-
ing beam theories as well as for the application of the GBT in the
current engineering practice.
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Appendix A
The expressions of functions gð
Þj and h
ð
Þ
j used in Eqs. (49)–(53)
are:
gðSÞj ¼
X
i
f ðSÞij wi

 m2Kj
Ii
f ðSMÞji wi
	 

; ðA:1Þ
gðSMÞj ¼
X
i
E
E
f ðMÞij wi  f ðSMÞij wi
	 

; ðA:2Þ
hðMÞj ¼
X
i
f ðMÞij ui; ðA:3Þ
hðMSÞj ¼
X
i
f ðMSÞij ui; ðA:4Þ
gðMÞj ¼
X
i
E
E
f ðMÞij wi  m2f ðSMÞij wi
	 

; ðA:5Þ
gðSMÞj ¼
X
i
f ðSÞij wi


E
E
Kj
Ii
f ðSMÞji wi
	 

; ðA:6Þ
gðVÞj ¼
X
i
kðVÞij ui; ðA:7Þ
gðTÞj ¼ 2
X
i
kðTÞij wi; ðA:8Þ
hðVÞj ¼
X
i
kðVÞij wi; ðA:9Þ
where
f ðSÞij ¼ I C1S CTSMC1M CSM
 1 
ij
; f ðMÞij
¼ I C1M CTSMC1S CSM
 1 
ij
; ðA:10Þ
f ðSMÞji ¼
E
mE
I C1S CTSMC1M CSM
 1
C1S CSM
 
ij
; ðA:11Þ
kðVÞij ¼ GAj C1V
n o
ij
; kðTÞij ¼ GJj C1T
n o
ij
: ðA:12ÞAppendix B
Some geometrical relations are presented here. Consider the
generic wall of the cross-section shown in Fig. 4 and let Onsz be
the local reference system and Gxyz the global one. The geometric
centre and the shear centre of the cross-section are denoted by G
and C, respectively. The axes lying in the plane of the cross-sectionare deﬁned by the unit vectors en and es for the local reference sys-
tems, and by the unit vectors ex and ey for the global one. In partic-
ular, ex and ey identify the directions of the principal inertia axes of
the cross-section. The unit vectors of the local reference system
Ons can be expressed as:
es ¼
x
y
" #
; en ¼
x

y

24 35 ðB:1Þ
and those of the global reference system Gxy as:
ex ¼
x

x
24 35; ey ¼ y
y
24 35: ðB:2Þ
Moreover, the following relations hold:
x ¼  sing; x ¼ cosg; ðB:3Þ
y ¼ cosg; y ¼ sing; ðB:4Þ
where g is the angle between the x-axis and the n-axis, see Fig. 4.
Let r be the position vector with respect to the shear centre C of
the generic point P belonging to the cross-sectional wall (Fig. 4):
r ¼ rm þ nen; ðB:5Þ
where rm is the position vector of the projection of P on the wall
midline. On the other hand, deﬁning ro as the position vector of
the origin O of the local reference system with respect to the shear
centre C, it is possible to write:
r ¼ ro þ ses þ nen: ðB:6Þ
Using Eqs. (B.1), (B.3) and (B.4), Eqs. (B.6) and (B.5) can be expressed
in the global reference system as:
x ¼ xo  s singþ n cosg ¼ xm þ n cosg; ðB:7Þ
y ¼ yo þ s cosgþ n sing ¼ ym þ n sing: ðB:8ÞAppendix C
Consider a beam in static regime, whose cross-section has two
symmetry axes (i.e. xc ¼ yc ¼ 0) and assume that c/ ¼ cz ¼ 0 . Focus
the attention on the torsional behaviour only. Using Eqs. (66), (93),
(94) and (97), the equilibrium equations (83) and (87) can be writ-
ten in terms of generalized displacements as:
 ECw00/ þ
1
4
GJtðh0z þw/Þ  GIcðh0z w/Þ ¼ 0; ðC:1Þ
1
4
GJtðh0z þw/Þ  GIcðh0z w/Þ
 0
¼ 0: ðC:2Þ
Eq. (C.1) can be rewritten as:
ECw00/ þ GIc 1þ
Jt
4Ic
	 

w/  GIc 1 Jt
4Ic
	 

h0z ¼ 0
and, hence:
h0z ¼
1
d
w/  EC
GIc 1 Jt4Ic
 w00/: ðC:3Þ
Then, substituting Eq. (C.3) in (C.2) yields:

Jt
Ic
1þ Jt4Ic
 
1 Jt4Ic
 w/ þ EC
GIc 1 Jt4Ic
 w00/
24 350 ¼ 0 ðC:4Þ
or, equivalentely,
w000/  a2w0/ ¼ 0: ðC:5Þ
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above differential equation can be put in form:
w/ ¼ Aeaz þ Beaz þ C: ðC:6Þ
Now substitute Eq. (C.6) in (C.3). It follows:
h0z ¼ d Aeaz þ Beaz
 þ 1
d
C;
whose solution can be put in the form:
hz ¼ d Aa e
az  B
a
eaz þ C
d2
zþ D
	 

: ðC:7Þ
The constants A; B; C and D are determined by the boundary con-
ditions, whose general form read as:
ECw0/ ¼ 	 W; or w/ ¼ w;
GIc 1þ Jt
4Ic
	 

h0z  1
Jt
4Ic
	 

w/
 
¼ 	Q ; or hz ¼ h:
ðC:8Þ
For the beam of the example of Section 5.3, clamped at one end and
loaded by a torque Q at the other end, the boundary conditions take
the form:
hzjz¼0 ¼ 0; GIc 1þ
Jt
4Ic
	 

h0z

z¼L  1
Jt
4Ic
	 

w/

z¼L
 
¼ Q ;
w/

z¼0 ¼ 0; w0/

z¼L
¼ 0
ðC:9Þ
and constants A; B; C, and D read as:
C ¼
Q
GJt
1 Jt
4Ic
 
; A ¼  C
1þ e2aL ðC:10Þ
B ¼ C e
2aL
1þ e2aL ; D ¼
C
a
1 e2aL
1þ e2aL : ðC:11Þ
Substituting these constants in Eqs. (C.6) and (C.7) yields Eqs. (105)
and (106).
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